In this note, a basic theory of wave propagation in dielectric media is discussed in conjunction with S parameters to derive the button gain coefficient g e and an analytic expression for the signal from time domain reflectometry (TDR) measurement on a cable and a button. The results can be used to measure the button capacitance and the characteristic impedances of the cable and the button feedthrough. Since g e is a function of S parameters and the button capacitance C p , a suggestion is made to make the gain coefficients the same for all four buttons in a BPM by carefully matching the buttons and the cables.
Introduction
In order to achieve the stringent performance specifications for the beam position monitors (BPMs) in the APS storage ring as shown in Table 1 .1, it is necessary to calibrate the offset and the sensitivity of all BPMs with an accuracy of less than 30 µm in both the horizontal and the vertical directions. Because the BPM is an integral part of the vacuum chamber (≈ 5 m long), it will be very difficult to calibrate the BPMs using wire suspended inside the vacuum chamber.
The external calibration method developed by G. Lambertson 1-4 requires only measurements of coupling between two sets of buttons and cables using a network analyzer. With four buttons for each BPM, 12 such measurements are needed, from which are derived the four gain coefficients associated with each set of a button and a cable. In Lambertson's theory 1 , the gain coefficient g e was expressed as g e + S 12 1 * S 11 .
(1.1) In the following sections we will first discuss the problem of wave propagation in multiple dielectric media, e.g., cables, connectors, and feedthroughs. Coefficients of reflection and transmission will be derived in conjunction with S parameters. Then a more generalized theory will be developed for calibrating the electrical offset using external means which takes into account the effect of finite button capacitance. We will also discuss use of time domain reflectometry (TDR) to determine the button capacitance and the characteristic impedances of cables and feedthroughs. If these can be accurately measured, buttons and cables can be sorted and matched in such a manner that the gain coefficients for the four buttons are nearly identical, whereby the electrical offset becomes negligibly small. A summary of this article will be presented in the last section.
Wave Propagation in Multiple Media
In this section, we will treat propagation of voltage and current waves in dielectric media, such as cables, connectors, and button feedthroughs.
n-1 n n+1 n+2 z n-1 z n z n+1 z n+2 Consider multiple cables connected in series as shown in Fig. 2 .1. We assume that there are total of m such cables. The n-th cable, with the characteristic impedance of Z n , starts at z = z n and ends at z = z n+1 . Let V(z,t) and I(z,t) be the voltage and the current at point z and at time t. With the series resistance R n , the series inductance L n , the conductance G n , and the shunt capacity C n , the voltage and current satisfy the relations 5 ēV ēz + * R n I * L n ēI ēt , ēI ēz + * G n V * C n ēV ēt , (n + 1, ..., m) (2.1) in the n-th cable. In the following discussion, we will ignore R n and G n and consider only dispersionless and lossless cables. L n and C n are given as L n + mn 2p log b n a n , C n + 2pe n log b n a n . (2.2) a n and b n are the radii of the inner and the outer conductors in the cable. Thus we have
There are a couple of techniques to solve Eq. (2.3). In this section we will consider the case of continuous wave, and apply Fourier transform to obtain the reflection and transmission coefficients. A different method involving Laplace transform will be used later to solve the problem of TDR.
Combining the two equations in Eq. (2.3), we obtain
where v n = 1/ L n C n Ǹ . Write the voltage wave V(z,t) as
Then from Eq. (2.3), we have the current I(z,t) as
where Z n = L n /C n Ǹ is the characteristic impedance of the n-th cable. The first terms in Eqs. (2.5) and (2.6) represent the forward-traveling wave and the second terms represent the backwardtraveling wave. The ratio R n (k) = B n (k) / A n (k) is the reflection coefficient in the n-th cable. The continuity of V(z,t) and I(z,t) at the boundary between the n-th and the (n+1)-th cables gives A n)1 ) B n)1 + A n e ikl n ) B n e *ikl n .
(2.7) 1 Z n)1 (A n)1 * B n)1 ) + 1 Z n (A n e ikl n * B n e *ikl n ). (2.8) From Eqs. (2.7) and (2.8), with R n = B n / A n ,
l n = z n+1 -z n is the length of the n-th cable. Equation (2.10) is the recursion relation for finding R n once the reflection coefficient in the last cable (n = m) is known. This procedure will determine the reflection coefficients in all the cables. From Eq. (2.7), 
3)
for a single cable with characteristic impedance Z c .
Once the S parameters for a single cable are obtained, we can extend the calculation to multiple cables connected in series. Consider two sets of cables a and b, each comprising multiple cables. Let S a and S b be the corresponding S matrices and let S be the S matrix of the total system combining a and b. Then it can be shown that (see Appendix A) Since this is the case with a single cable, it is also true for any number of cables connected in series.
Button Gain Coefficients
In this section we will derive the button gain coefficient g e for a given current source in terms of the S parameters. A current source can be a charged particle beam, a wire, or a button driven by an RF source, which induces a flow of charges through electromagnetic coupling. Since the button has a finite capacitance C p , some of the current flows through the capacitor to the ground and some flows through the cables and a terminating resistor at the end. This is shown in Fig. 4 .1(a). Let IȀ be the current through the capacitor and let I be the current through the cables. Then, assuming harmonic time dependence e -iωt , we have I = I 0 -IȀ = I 0 + iωC p V, which gives
This is the boundary condition at z = 0. On the other side of the cable we have V = Z T I, which gives Since there is no reflection from the right side, we put B m+1 = 0. From Eq. (2.11) the coefficient A m+1 can be written
which is the detected signal at the end of the cable. With 5) and the desired coefficient A 1 given by Eq. (4.1), the input amplitude A 0 is set to
where we used S 11 = R 0 . Also, from Eq. (2.9), we have (a) (b) Next, consider driving a button externally using an RF source. The schematic is shown in Fig. 4.2(a) . We use an approach similar to that described in the previous paragraph to express the voltage on the button in terms of the S parameters.
The boundary condition at the capacitance is V = I iwC p , which gives
From this relationship and and from Eq. (2.10), we obtain + g e V s , when S 12 = S 21 . Noted that the gain coefficient g e is the same as in Eq. (4.9).
Time Domain Reflectometry of Buttons
In this section, we will consider TDR measurement on buttons. This technique can be used to determine the S parameters of the cable and the button feedthrough by measuring the cable length and the characteristic impedances and using Eqs. (3.3) and (3.4).
Theory
Taking the Laplace transform of Eq. (2.3), we obtain
where s is the Laplace transform variable. Equations (5.1) and (5.2), together with the proper boundary conditions, completely describe the system, and solutions for the voltage and current can be obtained for all times t > 0 for given initial conditions V(z,0) and I(z,0). Combining Eqs. (5.1) and (5.2) gives Ĩ (z, s) + 1 Z n Ǌ A n e *h n (z*z n ) * B n e h n (z*z n ) ǋ .
(5.8)
A n and B n are new constants, into which were absorbed parts of the integral. Assuming harmonic time dependence e -iωt , the first terms in Eqs. (5.7) and (5.8) represent the forward-traveling wave and the second terms represent the backward-traveling wave. The ratio R n = B n / A n is the reflection coefficient in the n-th cable. The continuity of Ṽ and Ĩ at the boundary between the n-th and the (n+1)-th cables gives a relation analogous to Eq. (2.9)
or,
(5.10) l n = z n+1 -z n is the length of the n-th cable. Eq. (5.10) is the recursion relation for finding R n once the reflection coefficient in the last cable (n = m) is known. This procedure will determine the reflection coefficients in all the cables. With an additional boundary condition in the first cable (n = 1) giving the relation between A 1 and B 1 , the problem is solved in principle.
TDR of an Open-Ended Cable
Let us take an example of an open-ended cable to apply the technique of TDR to measure the length l and the characteristic impedance Z c . The schematic of this TDR measurement is shown in Fig. 5 .1. The measurement instrument has a variable current source which is connected to the terminating resistor Z T . Then a step pulse is generated when the current source is switched off. This pulse propagates out to the external device and the signal at the acquisition point is detected as a function of time. 
TDR of a Button
We now consider application of TDR to the measurement of the capacitance of the button and the characteristic impedances of the button feedthrough and the connecting cable. The schematic of the TDR measurement is shown in Fig. 5.3 . In terms of the functions u n (t) listed in Table 5 .1, V(0,t) can be written as
Ǌr 2 u 0 (t * 2Dt 1 ) ) (1 * r 2 2 ) ȍ N*1 n+1 (* r 2 ) n*1 u n (t * 2Dt 1 * 2nDt 2 )ǋƫ.
(5.37) Equation (5.37) is the expression for the detected signal at the acquisition point for 0 < t < 4∆t 2 .
As an example, take 
-300 -400 -500 2.5 3.0 3.5 4.0 4.5 t (nsec) The plotting of V(0,t) is shown in Fig. 5.4 . The several discontinuities are due to the standing wave caused by the impedance mismatch among the terminating resistor, the cable, and the button feedthrough. These may not show in the actual measurement because of the finite bandwidth of detection. The initial flat signal given by
corresponds to the propagation through the cable plus the reflection at the boundary between the cable and the feedthrough. The time duration is twice the length of the cable. The second flat signal given by
is the propagation through the button feedthrough. This is again reflected at the button electrode. The subsequent rise and exponential decay due to the button capacitance is intermittently interrupted by the standing wave in the feedthrough, as shown by the discontinuities in the signal. In order to use this curve to estimate the button capacitance, these discontinuities must be smeared out by averaging, which is partly done by the filtering due to the finite bandwidth of the instrument. The finite bandwidth also introduces bumps at the transitions between the cable, the feedthrough, and the electrode. (In the real measurement, the voltage signal exhibits oscillations for a long time as shown in Fig. 5.6(b) , and further smoothing and fitting is necessary.) In the limit ∆t 2 << ∆t 1 and to the first order of r 1 and r 2 , the voltage V a (t > 2(∆t 1 + ∆t 2 )) is given by V a )tȀ [ V a0 ) V a1 e *(1*2r 2 )atȀ , (5.40) where t' = t -2(∆t 1 + ∆t 2 ). The constants V a0 and V a1 are given by
and
In Eq. (5.40), substitution was made for 1 + 2r 2 αtȀ → e 2r 2 αtȀ . The time constant of decay is
The second term in Eq. (5.43) was dropped in the last step, since it is of the second order in r 2 . From Eq. (5.43), the button capacitance can be estimated by measuring the decay time constant and the characteristic impedance of the cable.
Measurement
In this section, we will give an example of measuring the characteristic impedance of the cable, the button feedthrough, and the button capacitance using TDR. Figures 5.5 and 5.6 show the measured TDR traces of a button and a cable. The button is one of those to be installed in the APS storage ring and has a female type SMA connector. From Fig. 5.4 , the initial voltage V 0 = -I 0 Z T was measured to be -499.38 mV. Since I 0 and Z T cannot be measured separately, we set I 0 = 9.988 mA and Z T = 50 W. The error due to this uncertainty is 0.12%. The trace in Fig. 5 .6(a) shows the transition between the cable and the feedthrough The two bumps at t ≈ 70 ns is due to the connector on the cable. The characteristic impedance Z 1 of the cable is read from the straight line before 70 nsec, and the characteristic impedance Z 2 of the feedthrough is read from the plateau at t ≈ 70.1 nsec. Using Eqs. (5.38) and (5.39), the measured characteristic impedances are Z 1 = 51.94 Ω and Z 2 = 53.04 Ω.
The exponential decay due to the button capacitance is shown in Fig. 5.6(b) . The oscillation superimposed on the exponential decay has approximately 13 GHz frequency (T = 77 psec). The measured time constant of decay τ is 0.262 nsec, and using Eq. (5.43), the capacitance is C p = 5.04 pF.
Application of Lambertson's Method for Offset Calibration
Let V m be the voltage applied at the m-th button and let V n be the voltage measured at the n-th button as shown in Fig. 6 .1. Then the normalized signal V nm is given by 1 G nm is the capacitive coupling constant between buttons, and the gain coefficients g n are given by Eq. (4.9). Note that V nm is a symmetric matrix. With four buttons, up to 12 measurements of V nm may be made and the gain coefficients are expressed in terms of V nm and G nm as shown in Eq. (6.2) . With these gain coefficients associated with the buttons (see Fig. 6 .2), the electrical center relative to the mechanical center of the BPM can be determined. 23 , and G 13 = G 24 , the gain factors can then be obtained from three alternative combinations of the measured V nm as shown in Eq. (6.1). Since we are interested in the ratios of the gain factors, the values of G's need not be known.
Nullification of Offset by Matching
From Eq. (4.9) the gain coefficient g e is a function of S 11 , S 12 (or S 21 ) and C p , and from Eqs. (3.3) and (3.4), S parameters are again functions of the characteristic impedance and the cable length. These parameters can be measured using TDR as described in Section 5, or alternatively using a network analyzer. Once the measurements of the capacitance C p and the characteristic impedance Z p on buttons and the characteristic impedance Z c and the cable length L c are done on a large number (≈ 2,000) of buttons and cables, the buttons will be sorted in fours with closely matching C p and Z p , and the cables will be sorted likewise. The characteristic impedances Z p and Z c need not be matched. This way, the gain coefficients g e can be made uniform among the four buttons and extra offset calibration may not be necessary.
Summary
In this note, a basic theory of wave propagation in dielectric media was discussed in conjunction with S parameters to derive the button gain coefficients g e and an analytic expression for the signal from TDR measurement on a cable and a button. These formulas in Eqs. (4.9), (5.38), (5.39), and (5.43) can be used to measure the button capacitance and the characteristic impedances of the cable and the button feedthrough. S parameters can again be written in terms of the characteristic impedance and the length of the cable as in Eqs. (3.3) and (3.4).
Since g e is a function of S parameters (S 11 and S 12 ) and the button capacitance C p , it is possible to make the gain coefficients the same for all four buttons in a BPM by carefully matching the buttons and the cables. This gives Eqs. (3.5) to (3.8).
